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Abstract 

The compatibility axiom in Ehlers, Pirani and Schild's (EPS) constructive axiomatics of the space-time 
geometry that uses light rays and freely falling particles with high velocity, is replaced by several constructions 
with low velocity particles only. For that purpose we describe in a space-time with a conformal structure 
and an arbitrary path structure the radial acceleration, a Coriolis acceleration and the zig-zag construction. 
Each of these quantities give effects whose requirement to vanish can be taken as alternative version of the 
compatibility axiom of EPS. The procedural advantage lies in the fact, that one can make null-experiments 
and that one only needs low velocity particles to test the compatibility axiom. We show in addition that 
Perlick's standard clock can exist in a Weyl space only. 

1 Introduction 

Because of the direct physical interpretability of all introduced notions and the logical self-consistency it is 
most preferable to introduce the space-time geometry by means of a constructive axiomatics. For the classical 
domain this task was solved in a generally accepted way by Ehlers, Pirani and Schild (1972), EPS. They used 
point particles and light rays as primitive objects and axiomatized their dynamical behaviour by means of 
mathematical statements describing basic experiences. For light rays the basic experience consists in the fact 
that there are only two light rays from any world line to a neighbouring event. For massive point particles 
the equivalence principle is a basic experience. This leads to the conformal and to the projective structure, 
respectively. These two structures are not compatible in the sense that point particles obeying the equivalence 
principle may be non-causal with respect to the conformal structure. The compatibility between these two 
structures can be achieved by demanding that no point particle is faster than light, but can chase light rays 
arbitrarily close. This compatibility results in the geometrical notion of a Weylian structure which is defined by 
an equivalence class of metrics [g] and a 1-form a. 

A more general approach to the Weylian structure has been given by Coleman and Korte (1984) who showed 
that the compatibility of a path structure with the conformal structure (in the sense of local compatibilty with 
the Special Theory of Relativity) necessarily leads to a Weylian structure. They proved that this is true even 
for higher order structures, Coleman and Korte (1993). 

The above versions of compatibility rest mainly on the high velocity behaviour of massive point particles: 
The whole light cone has to be filled up with particle paths. This means that one has to transfer an infinite 
amount of energy to the point particles in order to test the compatibility in the above form. However, the 
compatibility does not show up in the high velocity behaviour of massive point particles only, but also in certain 
low velocity effects. This is what we intend to do in this article. We want to describe some low velocity effects 
whose requirement to vanish can be taken as alternative to the compatibility axiom using fast particles with 
velocities arbitrarily close to the velocity of light. At least in the classical domain massive low velocity particles 
are more easy to handle with than fast particles. 

In the following we very shortly review the EPS scheme for introducing the conformal and projective structures 
and their compatibility axiom. Then we introduce measurable quantities whose definitions do not depend on 
the notion of the projective structure. Only light rays are needed. These quantities are the radial and Coriolis 
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acceleration and the rotation of a zig-zag construction. We will show that with these quantities it is possible to 
replace the compatibility axiom of EPS by demanding for freely falling low velocity particles a certain outcome 
for measurements of these quantities. The procedural advantage of this form of the compatibility axiom lies in the 
fact that one can make measurements with slow particles and some of these measurements are null experiments. 
The only things we need are some clock, light rays and a device to register whether two light rays propagate 
along the same direction. 

In this connection also the role of the standard clock defined by Perlick (1987) will be interpreted further 
insofar as we show that such a clock can be constructed uniquely in Weylian space-times only. 



2 The conformal and the projective structure 

We assume that space-time is a differentiable manifold A4. This has also been axiomatically founded by EPS, 
and, in an alternative way, in a series of papers by Schroter and Schelb (1988), (1992), and Schelb (1992). 

The conformal structure of space-time is introduced by EPS by means of light rays possessing essentially 
the property that there are only two light rays between a world-line and a nearby event (for a more rigorous 
formulation, see e.g. EPS or Perlick (1997)). This and an additional topological requirement allows it to define 
a conformal class of metric tensors, the conformal structure 

[g] {g' \ g' ^ e^g, A function on A^} , (1) 

where g is a non-degenerate second rank tensor of signature —2. Two representatives g,g' 6 [g] are related by a 

. . . ^> . 

conformal transformation g' = e g. For each g G [17] there is a unique torsionless covariant derivative D fulfilling 
{} 

Dug = for all vector fields u e TM . 

The tangents I to the light rays are characterized by g{l, I) = 0, that is, light rays are null curves. In addition, 
light rays obey the equation of motion 

{} 

Dil^l. (2) 

The second type of primitive objects, the massive point particles described by paths P{t), are assumed (i) 
to obey the weak equivalence principle (universality of free fall) and (ii) to lead to a unique determination of the 
path of the particle if the velocity v £ TA^ (tangent to the path) is given at a certain point p € A4. Therefore, 
the particle paths are given by some path structure, which is an equivalence class of curves 7 : R — > : r 1— > x(r) 

dv 

which tangent vectors v ~ dxM/dr an equations of the form 'Zf yV := \-H(x, v) = av. H(x, v) is homogeneous 

dr 

of degree two in v and can be used to define a velocity dependent connection; see e.g. Rund (1959). The 
appearance of a is connected with the choice of the parametrisation of the path. Coleman and Korte call 
—H{x,v) + av the acceleration field. 

Since we assume that a conformal structure is given, the equation for the path structure can formally be 
rewritten as 

{} 

S)„w = Dyv + f{v) = av . (3) 
{} 

with a chosen g G [g] and with f (w) := 'S>yV — DyV G TA4. For conformal transformations f transforms according 
to f (w) 1-^ f'{v) = f{v) + dX{v)v — ^g{v, v)g{dX, •) (it is possible to absorb the component of f which is parallel to 
V into the coefficient a; however, this will not be done in our approach). 

EPS introduced the projective structure as a special case of a path structure by means of the requirement 
that at each point p of the manifold there is a coordinate system and a parametrisation so that for each trajectory 
of a massive point particle passing this point, the equation of motion is given by the inertial law d^x^ /dt^ = 0. 
(There are alternatives of this characterisation given by Douglas (1928), Ehlers and Kohler (1977), Coleman and 
Korte (1980), Pfister and HeiHg (1991), and Coleman and Schmidt (1993). Coleman and Korte (1987) claim to 
be able also to introduce the projective structure even in the presence of 'non-geometrical' forces, sec, however, 
the critique stated by Schroter and Schelb (1995).) In an arbitrary coordinate system and for an arbitrary 
parametrisation t this equation reads 

DyV ^ V, V := — . (4) 

CLT 

where D is some still unspecified linear connection. By means of this equation not all of the 64 components of 
the connection (Dg^e^, 9^) can be measured (e^ are a basis of TM, 0^ its dual defined by (e^, 9'^) = S'p. For a 
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chosen coordmatc system and paramctrisation, the connection can be measured up to projective transformations 
and torsion terms S{u, v) := D^v — DyU — [u, v]. This defines an equivalence class of connections, the projective 
structure 

[D] := {D' I D' = D+p®S + S(E)p + A, p e T*7W, A antisymmetric (2)-tensor field} (5) 

A automatically drops out of Eq.(|^) and has therefore no influence on the following, that is, cannot be measured 
using point particles. 

The geodesic equation (Q) can again be reformulated by means of the Christoffel covariant derivative: 

{} 

D^v = D^v + f{v, v) ~ av . (6) 
{} 

The field of symmetric (gj-tensors / is defined by DyV — DyV —: f{v,v) G TM and can be decomposed into 

o o 

a tracefree part / and traces: f = f + ■^{6 (E) p + p S) + (g) g with p G T*Ai and a e TA4. Inserting this 
decomposition into (|6|) gives 

{} ° ,^ 

DyV + .f{v, v) + p{v)v + 2 a.g(w, v) = av (7) 
We also define the (2)-tensor by f'{u,v,w) := g{f{u,v),w) which in the following we denote by / too. The 

o s 

totally symmetric tracefree part of / or / will be denoted by /. 

Until now we established no connection between the propagation phenomena for light and for massive point 
particles. For example, the particle motion may be acausal with respect to the metric g. To make these two 
phenomena compatible, EPS required that particles cannot cross the light cone and that the light cone can be 
filled up with particle paths. Especially this last requirement needs high energy particles to be tested. In the 
classical domain it may be difficult for massive point particles to be accelerated to velocities being arbitrarily 
close to the velocity of light. This compatibility condition gives a connection between the Christoffel connection 
{} . 

D and the connection D: f{v, v) = Vu with g{v, v) ~ and for some unspecified function 7. This requirement 

WW w 
results in D E [D] where D is defined by Dg = a (E) g with a 1-form a. This connection is related to the above 

° _ ^' 1 

one by / = and a = —p = ~g{a, ■), that is, D ~ D — ^{S E)a + a(SiS — a^g). Because of the fact that D 

is independent of conformal transformations, a has to transform according to a ^ a' = a — dX. The geodesic 
w 

equation reads DyV — (3v. Manifolds endowed with a conformal structure and an equivalence class of connections 

w 

represented by the Weyl connection will be called a Weylian structure. A space^ime with the connection D is 
called a Weylian space-time (For more interpretation see Perlick (1987)). 

However, a violation of this compatibility condition does appear not only as an acausal motion of point 
particles but also shows up in low velocity effects which we are going to describe below. Consequently, with the 
help of these effects we can state a number of alternative compatibility conditions which may have the advantage 
of being experimentally more accessible than the causality condition of EPS. We see by inspection of (|^) that 

W o 

[D] ^[D + f], (8) 

o 

so that a Weylian structure is characterized by / = 0. Therefore any condition which also gives this result is 
equivalent to the compatibility condition of EPS. 

In the following we consider a space-time which consists of a manifold M. endowed with a conformal and a 
projective structure which we do not assume to be compatible. 



3 Measuring velocity, acceleration, and direction 

In this section we introduce that measurable quantities which are used in the following in order to state alternative 
versions of the compatibility axiom. 

We want to describe the observation of the motion of a particle crossing the worldlinc of an observer. In 
doing so neither the motion of the particle nor the motion of the observer are restricted in any way except that 
the observer is time-like with respect to the conformal structure. All considerations in this chapter are carried 
through without use of the projective structure given by the geodesic equation (^); instead, we use (I) only. With 
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Figure 1: Measurement of the elapsed time between emission and reception of light rays. I are the emitted, 
the received light rays, u and v arc the tangents to the worldlincs O and P, respectively. 

these observable quantities it is possible to characterize the compatibility of the projective with the conformal 
structure in a way alternative to the EPS axiomatics. (The following consideration may also be used for a low 
velocity characterisation of the projective structure.) 

The observations will be carried through by means of a steady flow of light rays emitted from the observer to 
the particle which reflects these light rays. The dates of emission and receipt of the rays are recorded by some 
clock. This clock is just some monotonically growing parameter (sec Fig.l). 

In order to formalize this kind of observations, we at first consider a single observer described by a path 
O : M — > A1 with some strongly monotonically growing parameter t. Following Perlick (1987) we introduce with 
respect to some event pq = O(to) a time- and a distance function T{q) and p{q) provided q lies within a sufficient 
small neighbourhood of pq. There is exactly one function T{q) and one function p{q) so that the point q can be 
connected by means of light rays with 0{T{q) + p{q)) and 0{T{q) — p{q)). 

Next we describe along the lines of Perlick (1987) the observations made with a second particle P -.M. ^ 
with parameter t' . We assume that P crosses O at po 0(to)- Then, by means of Einstein's synchronisation 
procedure, we can introduce a parameter on P via T{P{t)) = t. This means that P{t) and 0{t) are synchroncous. 
x{t) := p{P{t)) is the radial distance between 0{t) and P{t). 

The vector u is the tangent to O and v the tangent to P. The observation is made with light rays which are 
emitted from O and received and reflected by P and again received by O. Thus the entities observed by O are 
the direction of the emitted and received light rays and l'^ and their times of emission and reception. The 
situation is illustrated by Fig.l. This will be done in a small neighbourhood of the intersection point po so that 
emitted (received) light rays do not intersect. The set of emitted light rays define a two-surface and the 
set of received light rays a two-surface A^+. These two surfaces can be parametrized by the time function r 

d d 

and the distance function p which define vector fields R := — and T := — . We have lim T — u and T — R 

dp OT P^O 

and r ~ T + i?. Therefore 

g{T±R,T±R) = 0, (9) 

I)t±r{T±R) = f3^{T±R). (10) 
In addition, every vector field w on or N_ may be decomposed with respect to R and T according to 

w ^w{p)R + w{t)T . (11) 
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If we take v = — -^^-^ G TN±, then we get v{t) = x{t)Rp(f-^ + Tp^^y x{t) is the radial velocity of the passing 
particle P as observed by O. In pq 

vito) ^ x{to)r + uito) (12) 

with r := Km Rpu) ^-iid g{r,r) = —g{u,u). The velocity := i(to) is independent of the chosen parametrisa- 

tion. If V is tangent to a light ray, then = g{v,v) = g{u + xor,u + io?') = g{u,u) (l — ig); that is, io = ±1 
(+1 for an outgoing, -1 for an incoming light ray). 

Equations (^, |l^ and ^l|) are the mathematical tools we need for the following where we are going to describe 
some notions which are based upon the preceding considerations. For doing so we merely assume that the particle 
paths are given by some particle structure (^. By means of the following procedures we can in principle search 
for a non-vanishing f . 

3.1 The radial acceleration 

We want to determine the radial acceleration x(t) of the crossing particle P as measured by the observer O with 



the parametrisation t. With the help of (11) we can calculate 



{} / {} {} \ / {} {} \ 

Dyv = v{v{p))R + v{p) v{p)DrR + v{t)DtR + v{v{t))T + v{t) v{p)DrT + v{t)DtT . (13) 

_ ^ _,{}{}{}{} {} 

By means of (|ig) in the form of /3±Z± = = DtT =f DtR T DpT + DpR we can eliminate DpR: 

D,v = [[v{v{p))TP^[v{pmR+[v[v{T))+P^{v[p)f]T 

+ [{v{T)f - {v{p)f] DtT + 2v{p){v{t) ± v{p))DtR (14) 
where, in addition, we used [T, R] = 0. For t ^ to wc get 

D^v = (io T (3^xl)R + P^xlT + (1 - xl)D^u + 2i;o(l ± xo)D^r . (15) 

{} {} 

Projecting this equation onto R and u, subtracting (adding) the results and using g[DuU, u^r) ~ ±g{DuR, u^r) 
yields 

{} {} 
g{DyV, u =F r) = ±xog{u, u) + {1 ± xq) g(L»„u, u^r) . (16) 

Now we insert the general path structure (||) and get 

giD^v - f (u), u T 7-) = ± io.9(w, u) + (1 ± XQfg{'S:>uU ~ f(u), u T ■ (17) 

For freely falling particles P, that ist, for l^^v = 7W, this amounts to 

g{^v - f (w), u =F r) = ±io.g(w, u) + (1 ± i:o)^,g(iD«u - f ("), u^r) . (18) 

(We do not assume at the moment that O is freely falling too, that is, for u there may appear a force 5^ in 
the equation of motion: 3?uU = au + S^.) The unknown function 7 can be eliminated by considering the two 
equations contained in (p^). We get for the radial acceleration in the point po 

X 1 / . , ^ . , , X , q{Hv),r Xp.u)\ 

1 - ,9(u,-u) V 1 - 2^0 / 

The observed acceleration depends on the velocity of the observed particle as well as on the form of the force 
j{v) and on the state of motion and the parametrisation of the observer O. 

{} . . rrq 

If the path P is a light ray, then we have to insert D^^v ~ v with g(v^ w) = into (|1^) and proceed as above. 

We get io = 0- Consequently, light rays are always observed to be not accelerated irrespective of the state of 
motion of the observer. 
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3.2 A geometrical Coriolis acceleration 

In Galileian mechanics, the Coriohs force bends the path of some particle with respect to a non-inertial system 
if the particle passes the origin of this system. By decomposing the coordinates of the particles into a radial and 
an angular part this results in a non-vanishing rotational motion of the position vector. Similarly in our case a 
rotational motion of the same kind can be observed by comparing the direction of the incoming or the outgoing 
light rays with the direction defined by a bouncing photon (Pirani (1965)). This amounts to consider the 
transport of the vector R along the observers worldline 0{t) at the point pq. (Although the notion 'Coriolis 
force' usually is taken for the bending of a path in a non-inertial system, we keep this notion, indicating that 
in our case where the inertial system is replaced by a non-rotating system in the sense of the bouncing photon, 
such a bending may still occur. Here this bending is due to some geometrical field.) 

—. {} 

For doing so wc use Eq.(|14|) and solve for DxR- In the following we use the projection operator Pg := 
S (j( S ) 

^ for a non-null S G TAi which projects into the rest space of S. The observable quantity describing 

g{S,S) 

{} {} {} 

the rotation of the direction R is PuPtDtR which will be taken at pq (we denote D^r — D^R at the point po): 

{} 1 / 1 {} {} \ 

PrPuDur = PrPuTT^ -—D^V - (1 - io)A.U 

2x0 y 1 + a;o J 
= PrPuT^ f — ^ i^vv - f{v)) - (1 - io) i^uu - f{u))) . (20) 

This relation is valid only for particles with xq ^ 0. This transport equation is independent of the paramctri- 

sation of the observer and therefore describes an invariant measurable quantity. Because of Pp^i+ Pt Dt PtI = 

PrPuDui' in Po the corresponding observation is most easily carried through by recording the directions of the 
incoming light rays emitted by the particle P. 

{} 

If P is a light ray then again we get no effect: PrPuDuT ~ 0. 

3.3 The zig-zag construction 

In analogy to the bouncing photon construction of Pirani (1965) one can perform a 'bouncing particle', or a 
zig-zag construction, Ehlers and Schild (1973). Although this could be done in a purely affine way we will use 
the metric instead. The zig-zag construction consists in a central particle O with tangent u and other particles 
which, within some neighbourhood of the central particle, cross the central particle again and again after being 
reflected nearby, see Fig. 2. In this way the particles define a 2-surface, or, after projection into the rest space of 
the central particle, a direction in the rest space propagating along the path of the central particle. 

Again we make use of the general equation of motion (H) for all particles. The condition that the particles 
with tangent v and w lie in the same plane with the central particle u is 

u ~ av -\- for some fimctions a, p, . (21) 

The condition that, after reflection, the particles will cross the central worldline again, is secured by 

CyW ~ ew + Sv for some functions e, 6 . (22) 

We now want to determine the equation which governs the transport of the spacelike directions 

V := PuV or W := P„w . (23) 

With the help of aV = —i-iW we can calculate 

PvPuDuV = -PvPuDuicrV) - ^PyPMaV - ^lW). (24) 
cr 2(7 

Inserting (^ ^ and |2^) and the equations of motion (||) for the particles v and w, we finally get 

PvPuDuV = ^PvPu - <y'Kv) + {l^^g^w, w) - a^g{v, v)) (25) 

2cr V 9{u,u) ) 
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particle 



Figure 2: Zig-zag construction around a central particle O. 



This equation is invariant against reparametrisation of the paths, so that it indeed describes the propagation of 
the direction V . 

If V and w are tangent to light rays, then the above equation reduces to 

{} 

PvPuDuV = 0. (26) 

This is precisely the characterisation of the bouncing photon usually taken as definition for non-rotation, Pirani 
(1965). If for another space-like vector q defined along P the above expression does not vanish, then the operator 

{} 

fl, which is a (j^j-tensor defined by PqPuD^q — i^q along P, is called the rotation of q. 



4 Low velocity compatibility conditions 

In this section we show that certain demands on the radial acceleration, on the Coriolis acceleration of freely 
falling particles or on the zig-zag construction which are measured by an observer, who may be in arbitrary 
motion, can be fulfilled only if the equations of motions for the freely falling particles are restricted in such a 
way that space-time is described by a Weylian structure. 

For doing so we assume a projective structure, which characterizes the strong equivalence principle for point 

o 

particles. In this case we get for a vector v the decomposition f{v) ~ f{v, v) ~ f{v, v) + 2p{v)v + ag{v, v). 



4.1 The compatibility with the standard clock 

For the projective structure represented by ^ the measured radial acceleration ( p^ ) results in 

/ OS 

Xo g{DuU,r) . I g{DuU,u) f{r,r,u)-f{u,u,u) 
2 = ^/.. ..^ 2;o|— 77— -^H TZTTT^ g[a,u)-p[u) 



l-xl 9{u,u) \ g{u,u) g{u,u) 

Xq 



g{u,u){l - x^) 



{f{u, u, u) + 3/(ii, r, r)) + Xo0{r, r, r) + 3/(u, u, r))) (27) 



According to this equation the measured radial acceleration depends on the non- Weylian terms only in combina- 
tion with the measured velocity. Therefore, having in mind the definition of a standard clock of Perlick (1987), 
we can use this observation to state: 



7 



Theorem: Space-time has a Weylian structure iff for all observers there exists a parameter so that for all freely 
falling particles the observable quantity — ".^ is independent of the velocity io for \xo\ ^ 1. 

1 — 

Proof: Since the "only-if" part of the proof is clear we proof the "if" -part only. Expansion of the right- 
hand-side of up to third order in xq and the assumption that the result is independent of io gives three 
conditions 

= f{u,u,u) + 3fiu,r,r) (28) 
= /(r,r,r) +3/(w,u,r) (29) 

O S 

g{DuU,u) f{r,r,u) ~ f[u,u,u) 

= — — + ^ g{a,u)-p{u) (30) 

g[u,u) g[u,u) 



which arc valid for all r and u with g{u, r) ~ 0. Addition of (g8|) and (g9|) gives = f{u + r,u + r^u + 
r) V timelike u,V spacclikc r with g{r,r) = —g{u,u) and g{u,r) = 0. This is equivalent to 

= /(/,/,/) V? with .g(/, /) = . (31) 

s 

From this equation we conclude f — 0. Insertion of this result into ( pO| ) gives 

W o 

^ g{DuU,u) + f{r,r,u) V timelike u, spacclike r (32) 

w 

where we used D defined at the end of section 2. This implies 

o o 

/ (r, r, u) = f{r', r' , u) V spacelike r, r' . (33) 
Now we take another particle with r' ~ r + 5r and small Sr. Because of g{r, r) = g{r' , r') = —g{u, u) we have to 

, I o 

first order in Sr: g{u, 6r) = g{r, 6r) ~ 0. Insertion into (|33| ) gives PuPrfi^, u) = 0, V spacelike r, V timclike u. 

o w 

After some calculation this condition yields / = 0. The final condition = g{DuU,u) merely singles out a 

distinguished parametrization of the observer's path but gives no further constraint on the geometry. o 

Therefore, for an arbitrary parametrization, wc finally get as measured radial acceleration in a Weylian 
space-time 

w w 
Xq g{DuU,r) . g{DuU,u) 
Z 72 = — 7 ^ xo — (34) 

which has already been calculated by Perlick (1987) assuming a Weyl geometry from the beginning. The term 
w 

g{DuU, u) on the right hand side of ( p4D is responsible for the acceleration to depend on the parameter chosen 
on the wordline of the observer. Because this term is connected with the measured velocity one can, according 
to Perlick (1987), define a standard clock as that parameter t of an observer for which the left hand side of (34) 
is independent of xq. Therefore we can state: 

Corollary: A standard clock only exists in a Weylian structure. 

The reason for the fact that one cannot define a standard clock in a non- Weylian structure can be read off 
from Eq. (p7|) : The accereleration not only depends on the radial velocity x but also on the direction r along 
which the particle P propagates. If one is given a transport law for directions r (e.g. (^5|) or (36), see below) 
then it is possible to define for each direction r a distinguished parameter similar to the standard clock of Perlick. 
However, in this case a clock is not a geometrically induced property of a path; it also depends on an additional 
rest-space direction. Of course, this feature may be regarded as tool to measure the non- Weylian parts of the 
connection: The differences of the time intervals for the various clocks which depend on directions r are directly 

o 

connected with the non- Weylian parts /. 

The above corollary means that non- Weylian parts of a connection arc obstructions for the construction of 

a unique standard clock. Note that the above procedure shows that the equation of motion for the observer has 

w 

to be written in terms of the Weyl connection D: An observer O with a standard clock is described uniqueley 
w 

by the equation DyV ~ f where f is a force acting on O in its rest space: g{f, u) = 0. 
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4.2 Geometrical Coriolis acceleration 

For the projective structure given by ^ the measured Coriohs acceleration (EOl) is (i ^ 0) 



{} 1 / ° ° ° \ 1 - in 

PrPuDuT^- . PrPui2f{u,r) + xoi.f{u,u) + f{r,r))] ^—^P^P^DuU. (35) 

2(l + x-o) V / 2a;o 

In the case of a nongcodesic observer this acceleration becomes larger for smaller velocities ig because the 
curvature of the path in the rest space of u becomes larger. 

o 

Since the Coriolis acceleration is connected with the non-Weylian part / we can state the 

{} 

Theorem: Space-time has a Weylian structure iff xo{l + xo)PrPuDur does not depend on xq for small xq- 

{} 

Proof: Expansion of xo{l + xo)PrPuDur with respect to xq leads to the condition PuPrf{u,r) — for all 

o 

timelike u and spacelike r with g{u, r) = which gives / = 0. O 

Special cases are provided by the next two corollaries. 

Corollary: Space-time has a Weylian structure iff the Coriolis acceleration of all freely falling particles measured 
by freely falling observers does not depend on the velocity xq for small Xq. 

Proof: The condition that the right hand side of ( |35| ) should be independent of io for small xo implies 

o o o o 

2/(u,r) = f{u,u) + f{r,r) for all spacelike r and timclike u. This is equivalent to f{u — r,u — r) — 0, or 

o o o 

/(^, /) = with g{l, I) ~ 0. Consequently, / = since / is tracefree. o 

Corollary: The Coriolis acceleration of all freely falling particles measured by freely falling observers vanishes 
only if space-time has a Weyl geometry. 

4.3 The zig-zag construction and the bouncing photon 

For the projective structure the zig-zag construction ( psj ) gives 

PvPuDuV = -PvPu {°f{V,u) - — ^ A<r''g{v.v) - ^?g{w,w))Duv^ (36) 

o 

Again, / disturbs distinguished transportation features. Therefore we can state (the proof is the same as above): 

Theorem: Space-time has a Weylian structure iff the vector V constructed according to the zig-zag construction 
with freely falling central particle does not rotate. 

We can also make two zig-zag constructions and compare the motion of the two space-like directions which 
are defined by these two constructions. For this wc introduce as usual the notion of the angle ip between two 

-o(V", V) 

space-like vectors V and V through cos ip — — , . Then we can state the 

^9{V,V)g{V',V') 

Theorem: Space-time has a Weylian structure iff the angle between two vectors V and V' constructed according 
to two zig-zag construction is constant. 

This statement means that only in a Weyl structure there is a kind of isotropy: for each freely falling central 
particle no direction in its rest space can be distinguished by means of the zig-zag constructuon. 
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5 Discussion 



We have shown that it is possible to replace the compatibility axiom of EPS which needs massive point particles 
with velocities arbitrarily close to the velocity of light, by a number of requirements using point particles with 
low velocity only. These alternative compatibility conditions require the velocity-independence of the radial 
acceleration, the vanishing of the Coriolis acceleration and of the zig-zag construction. The latter two can (in 
principle) be tested by null experiments. 

A next step might be to apply these low velocity compatibilty conditions to the general path structure. 
Having the analysis of Coleman and Korte (1984) in mind one expects that even in this genaralized situation the 
Weylian structure will be the only geometrical frame within which the outcome of the respective experiments is 
as demanded. 

Another step in a space-time axiomatics consists in the reduction of the Weyl structure to a Riemannian 
one. This has to be done by calculating specific effects connected with the Weylian field strength / := da. 
Effects of such type are the second clock effect or an additional Weyl induced rotation of congruences in Weylian 
space-times, see Perlick (1991). The requirement that such effects are absent is sufficient for the intended 
reduction. Another method for the reduction to a Riemannian structure by classical means is presented by 
Schelb (1997). However, on a classical level such experimental constructions don't seem to be easily realisable. 
Only the identification of standard clocks with atomic clocks or other quantum standards leads to the result that 
with high accuracy there is no second clock effect. Indeed, it is a general feature that space-time axiomatics 
using elements of quantum mechanics from the very beginning automatically lead to a Riemannian structure of 
space-time (Audretsch and Lammerzahl (1993)). 
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